
Fourier Analysis April 19,2022

Review
.

Application 2 : steady state heat equation
-

on the upper half plane .

#
U= UH , y ) temperate in distribution

f
ou = 8%-2+2%2=0 , ✗ c- IR

,
Y > 0

,

ttfx , 0 ) = f-( x ) , XELR
.

Pycx)= ¥ ×a ,
Y > 0

.Thin . Let f- c- SARI . Let
/

UG , g) = f* 2gal , ✗ c- IR
,

Y > 0
.

Then U satisfies the following :

① UE CZCIRXIR-1 ) and dU=o

② U(× , g) ⇒ fan as b. → o

③ [§ / way) - fan /2dx → o as Y→o

④ UH , g) → o as 1×1-19 → is .

(
"

u vanishes at is
"

)



r

-1hm 1
. ( Uniqueness )

Let UECYIRX 112+1 nc(lRÑ )
.

Suppose U satisfies that

I 04=0 on 113×112-1

\ Ufx,o)=o on IR

Moreover suppose that Ucxiy ) -20 as 1×1+2-20 .

Then Ulx,y)=0 Oh 112×112-1
.

Remark : The condition that U
"

vanishes
"

at infinity
cannot be dropped .

For instance
,
let U(✗,y)=Y

.

Then

oU=o and U / × , 07=0 .



Lemma 2 ( Mean value property of harmonic function / .

Let R be an open set of 1132
.

Let UE CTR)

and suppose oU=o on -R
. Suppose

BR Go, Yo ) e r where

Bplxo,%) = { (✗ is ) c- 1122 : C- ✗◦ It G-%)2≤ pi}

Them K Os rs R
,

U(x◦,y◦ ) = 2¥§
"

U(✗◦ + rcoso , Yotrcino ) do



Pf . Define

Ucr
,
a) = U( xotrcoso, Yotrsino )

,

for 0 ≤ rs R
,
050<217

.

Since oU=0
,
it follows that

U = 0 on o≤rsR ,
◦≤ 0<217

Recall that

au = 2¥. +4¥ + E. 2¥.
Heme

ra¥, + r¥r+%Y→=◦
so r¥(r¥ ) + %¥=o

Define for)= ¥ Ucr,o) do

r£rlr%)=¥if
"'

r :( 'E) do

= - ¥, 2¥, do



= -¥, E. IF
I 0 ( since ¥ is

21T - periodic in 0)
theme

( r 1=0 on ◦ < r< R

So rᵈ¥ = Const on ( o , R )

Notice that as r→o
,
¥ is bold

, hence

rd¥=o
It implies f- ≤ const on osrsR

By continuity f-(r) = fool .

That is

Ucrioldo = ¥,§
"

¥, §
"

~
Uco , a) do

↓

U(xotrcoso, 9.+ rsino)
= ¥ [

"

U(xo , yo ) do

= Uto , %) . ☒



Proof of Thm 1
.

We use contradiction .

Suppose on the contrary that It # 0 .

Then 7- Co , Yo ) E IRX /Rt such that

Uxo , Yo ) 1=0 .

WLOG
,
we assume that Ucxo , Yo ) > 0

( otherwise , we may consider - U )

since U vanishes at infinity
,

we can

find a large R >o such that

Ufxiy ) < ÉU(×◦ , b.)

111
FYI 94 ④ 9) c- (112×112-1)/Balao)

÷
.m④¥¥¥iE



Notice that U is cts on

Bpto.HN#R+ ( closed , bdd )

so It attains its maximum

on Bataan 112×117 at some (Xi
,
Yi )

i. e.

461,9 , ) = sup Ucxiy )
(Xiy )

C- Bplo,olnRÑ

Since U(x , g) < U(×" < • (✗" %) for G.g) C- ÑR+|BR(0,01 ,
it follows that

UH ,
y , ) = sup Ulxibl .

☒ is)EÑR+



By the mean value property , for each

◦ < r < Yi
,

UH, 4) = ¥, §
"

U(✗ it rcoso , Yitrsino)
do

⇒ U(xitrcoso , Yitrsino ) = UH , 4)

! ◦ < ray ,

•¥is
Lettnjr→y,¥¥"*×

U( xi , ol = him UH
, Yi

- r)
r→y

,

= UH , , Y , ) 20 .

Contradiction ! ☒



§ 5.3 Poisson summation formula .

Thm 3. ( Poisson summation formula )
.

Let FEMUR) . Assume that FEMUR ) .
Let Fcx ) = I fcxtnl .

NEZ

Then

Fcx ) = 2- §(n , e-
" inx

nez

In particular,

2- for ] = I ↑cn )
.

HEE HEE



Pf . Since f- c- MURI ,

É f- (x-1h ) ⇒ Fail on any compact set ,
n= -14

as N→w .

So F is cts on KR
,
and it is 1- periodic

Now let us calculate the Fourier coefficients
of F.

Écn ) = § Fa, e-Zaim DX
is

É fcxtk) • e-
24in×

= £
←*

DX

= -5
k= - is § faith) e-

Him

.

DX

hey [
k-114++18 y=×+k ,

= £
be

f-(9) e-
217in /y -k,

dy



= É.is/nk+tfgy,.e-2-iiny dy
= fog , e-

"Tiny
dy

= ↑( nj (← Fourier transform
of f)

That is
,
Fen)=fTn )

,
NEZ

.

since FEMUR) ,

É #nil - •
n=- is

It follows that

É I Fail < is
h=-

Recall § is the Fourier coefficient of F
on [0,11

.



ˢ°

f-(x ) = £ Fkn , @
"Tim

on [Oil]
.

n=-6

That is
,

Fcx ) = É §(n , eitinx
&

h=-is

Example 1 .

Let fan = ¥ ×¥y on IR
,

where y > 0 .

Recall that
-21T /§ / y

↑(3) = e 2

Then f. FEMUR)
. By the Poisson summation

formula ,
°

§(n , e2Hin×Éfcxtn ) = I
h= - w n=- is

= [ e-
→ 1h19 eitinx

ritz



Letting x=o gives

És¥¥+gi = ¥* e-
21> Inly

= A 1- z . £ e-
Zany

n = I

= I + z .
e-2179
-

1- e-217g

=

⇒ É→n¥=É
'

.



Example ≥ . Define the Theta function
④ : IR → IR by

1-

④ (s ) = [ e-
* A}

A

NEZ

Then ④ satisfies the following identity

! (s ) = ¥ ⊕ (F)
.

Pf . Fix s > 0 . Set f-¢, = e-
* *"

D

Notice that

- IT {
2

-TIP
ee .

So

fan -_ e-
" taxi-7

, ¥ e-
" (÷ri

= ¥ e-
* {Ys

.

That is
, pies )= ¥ . e-

"{%
or



Check : f. FEMUR ) .

By Poisson summation formula,

2- f- ( n ) = 2- ↑cn )
,NEE NEE

Hence
- Tin's

=
-2 if e-

"%
E e
hᵗZ HER

i.e.

④ (s ) = ¥ ④ (F)
. ☒




